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Scaled boundary FEM solution of short-crested wave1
diffraction by a vertical cylinder2
Longbin Tao1 ∗, Hao Song1 and Subrata Chakrabarti23
aGriffith School of Engineering, Griffith University, PMB50 GCMC, QLD9726, Australia4
bOffshore Structure Analysis, Inc.,Plainfield, IL60544-7096, USA5
Abstract6
The scaled boundary finite-element method (SBFEM) is a novel semi-analytical method7
developed in the elasto-statics and elasto-dynamics areas that has the advantages of com-8
bining the finite-element method with the boundary-element method. The SBFEM method9
weakens the governing differential equation in the circumferential direction and solves the10
weakened equation analytically in the radial direction. It has the inherent advantage of11
solving the unbounded fluid dynamic problem. In this paper, the boundary-value problem12
composed of short-crested waves diffracted by a vertical circular cylinder is solved by13
SBFEM. Only the cylinder boundary is discretized with curved surface finite-elements on14
the circumference of the cylinder, while the radial differential equation is solved completely15
analytically. The computation of the diffraction force based on the present SBFEM solu-16
tion demonstrates a high accuracy achieved with a small number of surface finite-elements.17
The method can be extended to solve more complex wave-structure interaction problems18
resulting in direct engineering applications.19
Key words: scaled boundary finite-element method, short-crested wave, wave diffraction,20
unbounded domain, vertical cylinder21
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1 Introduction22
Studies on ocean surface waves are generally focused on two-dimensional (2D)23
waves. In reality, however, the ocean waves are more complex. The short-crested24
wave is a common 3D wave model which describes waves generated by winds25
blowing across the surface of the ocean. It also commonly arises, for example, from26
the oblique interaction of two travelling plane waves or intersecting swell waves,27
from the reflection of waves at non-normal incidence off a vertical seawall or a28
breakwater, as well as from diffraction about the surface boundaries of a structure29
of finite length [6]. Such waves are of paramount importance in an engineering30
design. Unlike the plane waves propagating in a single direction, and the standing31
waves fluctuating vertically in a confined region, short-crested waves can be doubly32
periodic in two horizontal directions, one in the direction of propagation and the33
other normal to it [15].34
The interaction problem of water waves with a large vertical circular cylinder has35
been widely investigated both numerically and experimentally in the past due to its36
theoretical and practical importance, especially to ocean engineers. Diffraction ef-37
fects become more important when the dimension of the structure is large compared38
to the wave length. As one of the pioneers in wave-structure interaction research,39
MacCamy and Fuchs [10] presented an analytical solution for linear plane waves40
diffracted by a large vertical cylinder in intermediate water depths and their so-41
lution was later validated by Chakrakarti and Tam’s [2] experiment. Chakrabarti42
and Tam [2] revealed that the linear diffraction solution is reasonably accurate at43
least for H/h ≤ 0.25 (H is wave height and h is water depth) and a range of ka44
∗ Corresponding author. Tel.: +61 755529093; fax: +61 755528065.
Email address: l.tao@griffith.edu.au (Longbin Tao1).
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(k is wave number and a is cylinder radius) between 0 and 3. Since then, many45
numerical and experimental results have been reported on the plane wave diffrac-46
tion [1,7,9,12–14]. However, studies on the short-crested wave diffraction are very47
limited in the literature.48
Zhu [17] solved the diffraction problem for a circular cylinder in short-crested49
waves using linear potential flow theory and found that the pressure distribution50
and water run-up on the cylinder were quite different from those of plane incident51
waves. Their patterns become very complex as ka becomes large. The hydrody-52
namic forces on the cylinder become larger as the incident waves become less short-53
crested. Based on the boundary-element method solution, Zhu and Moule [18] ex-54
amined the dependence of the wave diffraction force for a given cylinder on the55
wave number and found that the wave loads induced by short-crested waves can56
be larger than those induced by plane waves for the same total wave number. Zhu57
and Satravaha [19] further presented the second-order diffraction solution of short-58
crested waves. However, the full analytical results are very complex and need vali-59
dation.60
Recently, a new semi-analytical method, called scaled boundary finite-element method61
(SBFEM) has been successfully applied to soil-structure interaction problems. Com-62
bining the advantages of finite-element and boundary-element methods, the ap-63
proach discretizes only the boundary with surface finite-elements. It then trans-64
forms the governing partial differential equations to ordinary differential equations,65
and solves them analytically. The method represents singularities and unbounded66
domains accurately and efficiently compared to the complete finite-element method67
and needs no fundamental solution as for the boundary-element method. Fewer ele-68
ments are required to obtain very accurate results [16]. Deeks and Cheng [4] applied69
SBFEM to an uniform potential flow around obstacles and revealed its inherent ad-70
3
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vantages to model unbounded fluid problems as well as the singular points in the71
near field of bluff obstacles. Li, et al [8] attempted to solve the problem of plane72
wave diffraction by a vertical cylinder using SBFEM, with only limited success73
in obtaining semi-analytical solution for high frequency waves. For low frequency74
waves, other numerical methods, such as, the Runge-Kutta scheme needs to be im-75
plemented to solve the radial differential equation. Such compromised approach76
significantly diminishes, to a large extend, the advantages of SBFEM exhibited in77
dealing with bounded fluid domain problems.78
In this paper, linear short-crested wave diffraction by a large vertical circular cylin-79
der in an unbounded domain is solved by SBFEM. The radial differential equation80
is solved fully analytically. Only a few finite elements discretized on the circum-81
ference of the cylinder are shown to be sufficient to obtain accurate results. Excel-82
lent agreements between the present SBFEM results and the analytical solutions of83
Zhu [17], including wave run-up, diffraction force and other hydrodynamic force84
coefficients are achieved. The method described in this paper can be easily extended85
to apply to more complex practical engineering problems due to its excellent com-86
putational efficiency and accuracy, which appears to be the significant limitation87
associated with most of the existing numerical models for wave-structure interac-88
tion.89
2 Theoretical Consideration90
2.1 Problem definition91
Consider a monochromatic short-crested wave train propagating in the direction92
of the positive x axis. A fixed vertical cylinder extends from the sea bottom to93
4
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Fig. 1. Problem definition.
above the free surface of the ocean along z axis. The origin is placed at the centre94
of the cylinder on the mean water surface (Fig. 1). The total velocity potential,95
the velocity potential of incident wave, the velocity potential of scattered wave,96
total wave number, wave number in x direction, wave number in y direction, wave97
frequency, water depth, the amplitude of incident wave, the cylinder radius, the98
time, and the gravitational acceleration are denoted respectively as Φ, ΦI , ΦS , k,99
kx, ky, ω, h, A, a, t, and g.100
Assuming the fluid to be inviscid, incompressible and the flow to be irrotational,101
the fluid motion can be described by a velocity potential Φ satisfying the Laplace102
equation103
∇2Φ = 0 in Ω, (1)
5
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subject to the linearized combined free surface boundary condition104
Φ,tt + gΦ,z = 0 at z = 0, (2)
and the bottom condition105
Φ,z = 0 at z = −h, (3)
where Ω is the fluid domain, and comma in the subscript designates partial deriva-106
tive with respect to the variable following the comma.107
To simplify the problem, the velocity potentials can be decomposed as108
Φ(x, y, z, t) = φ(x, y)Z(z)e−iωt, (4)
ΦI(x, y, z, t) = φ
I(x, y)Z(z)e−iωt, (5)
ΦS(x, y, z, t) = φ
S(x, y)Z(z)e−iωt, (6)
where109
Z(z) =
cosh k(z + h)
cosh kh
. (7)
This procedure leads to the sea bottom condition being automatically satisfied, and110
the linear free surface boundary condition is satisfied using the following dispersion111
relationship112
6
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ω2 = gk tanh kh. (8)
Thus, the problem reduces to two-dimensional at the free surface. The function113
φS(x, y) is governed by the Helmholtz equation with the boundary condition at the114
interface of fluid and structure, and the radiation condition at infinity, the so-called115
Sommerfeld condition:116
∇2φS + k2φS = 0, (9)
φS,n = −φI,n on r = a, (10)
lim
kr→∞
(kr)1/2
(
φS,r − ikφS
)
= 0, (11)
where r is the radial axis, i =
√−1, and n denotes the normal to the boundary.117
The velocity potential of the linear short-crested incident wave travelling in the118
positive x direction is given by the real part of [5]:119
ΦI = −igA
ω
Z(z)ei(kxx−ωt) cos(kyy), (12)
and the relationship of the total velocity potential, with the scattered, and the inci-120
dent wave velocity potentials is121
Φ = ΦI + ΦS, φ = φ
I + φS. (13)
7
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Equations (9)-(11) constitute the governing equation and boundary conditions for122
the diffraction of short-crested waves by a vertical cylinder. After obtaining φS and123
Φ by solving the above boundary-value problem, the velocity, free surface elevation124
and the dynamic pressure can be calculated respectively from125
v = ∇Φ, (14)
η =
iω
g
φ, (15)
p = −ρΦ,t, (16)
where ρ is the mass density of water.126
2.2 Scaled boundary finite-element method127
As shown in Fig. 1, (9) is valid in the whole fluid domain Ω with the fluid-structure128
interface Γc and infinity boundary Γ∞. If the velocity boundary is defined by Γv,129
we have130
φS,n = v¯n, on Γv, (17)
where the overbar denotes a prescribed value. To derive a finite-element approxima-131
tion, the weighted residual technique is applied by multiplying a weighting function132
w to (9) and (17), and integrating over the domain and the boundary.133
8
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Fig. 2. The coordinate definition of SBFEM.
∫
Ω
∇Tw∇φSdΩ−
∫
Ω
wk2φSdΩ−
∮
Γ
wv¯ndΓ = 0. (18)
SBFEM defines the domain Ω by the scaling of a single piecewise-smooth curve134
S relative to a scaling centre (x0, y0), which is chosen at the cylinder centre in this135
case. The circumferential coordinate s is anticlockwise along the curve S and the136
normalized radial coordinate ξ is a scaling factor, defined as 1 at curve S and 0 at137
the scaling centre. The whole solution domain Ω is in the range of ξ0 ≤ ξ ≤ ξ1138
and s0 ≤ s ≤ s1. The two straight sections s = s0 and s = s1 are called side-139
faces. They coincide, if the curve S is closed. For bounded domain, ξ0 = 0 and140
ξ1 = 1; whereas, for unbounded domain, ξ0 = 1 and ξ1 = ∞. So the Cartesian141
coordinates are transformed to the scaled boundary coordinate ξ and s with the142
scaling equations143
x = x0 + ξxs(s), y = y0 + ξys(s). (19)
By employing SBFEM, an approximate solution of φS is sought as144
9
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φA(ξ, s) = N(s)a(ξ), (20)
where N(s) is the shape function, the vector a(ξ) is analogous to the nodal values145
same as in FEM. The radial function aj(ξ) represents the variation of the scattered146
wave potential in the radial axis ξ at each node j, and the shape function interpolates147
between the nodal potential values in the circumferential axis s.148
By performing scaled boundary transformation, the operator ∇ can be expressed149
as [4, 16]150
∇ = b1(s) ∂
∂ξ
+
1
ξ
b2(s)
∂
∂s
, (21)
where b1(s) and b2(s) are dependent only on the boundary definition151
b1(s) =
1
|J |


ys(s),s
−xs(s),s


, b2(s) =
1
|J |


−ys(s)
xs(s)


, (22)
and |J | is the Jacobian at the boundary152
|J | = xs(s)ys(s),s − ys(s)xs(s),s. (23)
From (14) and (21), the approximate velocity can be expressed as153
vA(ξ, s) = B1(s)a(ξ),ξ +
1
ξ
B2(s)a(ξ), (24)
where154
10
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B1(s) = b1(s)N(s), B2(s) = b2(s)N(s),s. (25)
The weighting function w can be chosen as the same shape function as (20) by155
Galerkin approach156
w(ξ, s) = N(s)w(ξ) = w(ξ)TN(s)T . (26)
Using (20), (21), (25) and (26), (18) becomes157
∫
Ω
[
B1(s)w(ξ),ξ +
1
ξ
B2(s)w(ξ)
]T [
B1(s)a(ξ),ξ +
1
ξ
B2(s)a(ξ)
]
dΩ
−
∫
Ω
k2w(ξ)TN(s)TN(s)a(ξ)dΩ−
∮
Γ
w(ξ)TN(s)T v¯ndΓ = 0,
(27)
where the incremental volume is [4, 16]158
dΩ = |J |ξdξds. (28)
Introducing the coefficient matrices159
E0 =
∫
S
B1(s)TB1(s)|J |ds, (29)
E1 =
∫
S
B2(s)TB1(s)|J |ds, (30)
E2 =
∫
S
B2(s)TB2(s)|J |ds, (31)
M0 =
∫
S
N(s)TN(s)|J |ds, (32)
Fs(ξ) = N(s0)T (−v¯n(ξ, s0))|J(s0)|+ N(s1)T (−v¯n(ξ, s1))|J(s1)|. (33)
11
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The above integrals (29)-(32) can be computed element by element and assembled160
together for the entire boundary. Expanding (27) and integrating the terms contain-161
ing w(ξ),ξ by parts with respect to ξ using Green’s theorem leads to162
w(ξ1)
T
[
E0ξ1a(ξ1),ξ + ET1 a(ξ1)−
∫
S
N(s)T (v¯n(ξ1, s))ξ1ds
]
−w(ξ0)T
[
E0ξ0a(ξ0),ξ + ET1 a(ξ0) +
∫
S
N(s)T (v¯n(ξ0, s))ξ0ds
]
−
∫ ξ1
ξ0
w(ξ)T
[
E0ξa(ξ),ξξ + (E0 + ET1 − E1)a(ξ),ξ − E2
1
ξ
a(ξ) + k2ξM0a(ξ)− Fs(ξ)
]
dξ
= 0.
(34)
To satisfy all sets of weighting function w(ξ), the following conditions must be163
satisfied:164
E0ξ1a(ξ1),ξ + ET1 a(ξ1) =
∫
S
N(s)T (v¯n(ξ1, s))ξ1ds, (35)
E0ξ0a(ξ0),ξ + ET1 a(ξ0) = −
∫
S
N(s)T (v¯n(ξ0, s))ξ0ds, (36)
E0ξ2a(ξ),ξξ + (E0 + ET1 − E1)ξa(ξ),ξ − E2a(ξ) + k2ξ2M0a(ξ) = ξFs(ξ). (37)
The equation (37) is the so-called scaled boundary finite-element equation. By in-165
troducing the shape function, the Helmholtz equation has been weakened in the166
circumferential direction, so that the governing partial differential equation is trans-167
formed to an ordinary matrix differential equation in radial direction. The rank of168
matrices E0, E1, E2, M0 and vector a(ξ) is m (where m is the number of nodes in169
the curve S). In the present study, the side-faces coincide so that the flow across the170
side-faces is equal and opposite, thus the term Fs(ξ) vanishes. Therefore, the final171
12
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governing equation (37) is a homogeneous second-order ordinary matrix differen-172
tial equation of rank m.173
The boundary conditions (10) and (11) are weakened in the form of (36) and (35),174
indicating the relation of integrated nodal flow on the boundary and the velocity175
potentials of the nodes. For the wave diffraction problem, ξ0 = 1 on the boundary176
of cylinder and ξ1 =∞ at infinity.177
2.3 Solution technique178
For a vertical circular cylinder, we have,179
xs(s) = a cos(s/a), ys(s) = a sin(s/a). (38)
From (19), (22), (23), (25) and (29)-(32), xs(s),s, ys(s),s, b1(s), b2(s), |J |, B1(s),180
B2(s), E0, E1, E2, and M0 can be calculated accordingly. The following relations181
hold:182
E1 = 0 · I, E−10 M0 = a2I, (39)
where I is the identity matrix of rank m.183
Using (39), pre-multiplying both sides of (37) by E−10 and simplifying, we have184
ζ2a(ζ),ζζ + ζa(ζ),ζ − E−10 E2a(ζ) + ζ2a(ζ) = 0, (40)
where185
13
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ζ = kaξ. (41)
The equation (40) is the matrix form of Bessel’s differential equation. Considering186
the Sommerfeld radiation condition (11), it is logical to select Hrj (ζ)Tj as a base187
solution of (40).188
The solution form of a(ζ) is then expressed as189
a(ζ) =
m∑
j=1
cjHrj(ζ)Tj , (42)
where Tj are vectors of rank m, cj are coefficients, Hrj (ζ) are the Hankel functions190
of the first kind.191
Substituting (42) into (40), and using the following properties of Hankel function192
ζ2H ′′rj(ζ) = −ζ2Hrj(ζ) + ζHrj+1(ζ)− rjHrj(ζ) + r2jHrj(ζ), (43)
ζH ′rj(ζ) = −ζHrj+1(ζ) + rjHrj (ζ), (44)
where the prime denotes the derivative with respect to ζ , and the double prime193
represents the second derivative with respect to ζ , we have194
m∑
j=1
(E−10 E2 − r2j I)Tj · cjHrj (ζ) = 0. (45)
For any cjHrj(ζ), (45) yields195
(E−10 E2 − r2j I)Tj = 0. (46)
14
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Let λj be the eigenvalues of E−10 E2, then rj =
√
λj, and Tj are the eigenvectors of196
E−10 E2.197
Since the Sommerfeld radiation condition (11) or (35) has been satisfied by the198
Hankel function, we now only consider the body boundary condition (36) of the199
circular cylinder200
E0ka
m∑
j=1
cjH
′
rj
(ka)Tj = −
[∫
S
N(s)TN(s)ds
]
v¯Sn , (47)
where v¯Sn is the vector of nodal normal velocity of scattered wave on the body201
boundary.202
For a circular cylinder,203
E0 =
1
a
∫
S
N(s)TN(s)ds. (48)
Define204
T = [T1,T2, · · · ,Tm], (49)
C = [c1, c2, · · · , cm]T , (50)
H = diag[Hr1(kaξ), Hr2(kaξ), · · · , Hrm(kaξ)], (51)
Hd = diag[H ′r1(ka), H
′
r2
(ka), · · · , H ′rm(ka)], (52)
where “diag” denotes a diagonal matrix with the elements in the square brackets on205
the main diagonal; then C can be solved from (47) as206
15
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C = −1
k
H−1d T−1v¯Sn . (53)
The solution of a(ζ) is obtained as207
a(ζ) = THC = −1
k
THhT−1v¯Sn , (54)
where Hh = diag[Hr1(kaξ)/H ′r1(ka), Hr2(kaξ)/H
′
r2
(ka), · · · , Hrm(kaξ)/H ′rm(ka)].208
Using (4), (5), (10), (12) and (17), v¯Sn can be easily determined on the body bound-209
ary. From (20) and (54), the approximation of scattered velocity potential can be210
obtained in the whole domain. The total velocity potential can then be calculated211
by (6) and (13). All the other physical properties such as elevation, pressures can212
be calculated accordingly.213
In this paper, the boundary Γc is discretized into N three-noded quadratic elements214
in circumferential direction. Due to the symmetry of the physical problem, only215
half of the circumference is discretized.216
The total force, per unit length in the direction of wave propagation is217
dFx
dz
= −a
∫ 2pi
0
p · cos(θ)dθ = 2piaR(kx, ky, k, a) · ρgA · Z(z)e−iωt, (55)
where the function R(kx, ky, k, a) is a dimensionless parameter of dFxdz without the218
term ρgA · Z(z)e−iωt.219
The function R(kx, ky, k, a) determines the first-order total horizontal force in x220
direction on the cylinder, Fx, which can be obtained by integrating Eq. (55) with221
respect to z,222
16
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Fx =
∫ 0
−h
dFx
dz
dz = 2piaR(kx, ky, k, a) · ρgAe−iωt · tanh(kh)/k. (56)
Following traditional concept, the component of force per unit of wave height in223
phase with the particle acceleration of the incident waves is called an effective224
inertia coefficient CM and that in phase with the particle velocity is termed an225
effective linear drag coefficient CD. Then the force is written as follows:226
Re
(
dFx
dz
)
= ρpia2
(
CM U˙ + ωCDU
)
, (57)
where U is the velocity of the incident waves at the origin of the cylinder in its227
absence.228
Using (12), (55) and (57), we have229
CM = −2Ri
kxa
, CD =
2Rr
kxa
, (58)
where Rr and Ri are the real and imaginary parts of R(kx, ky, k, a).230
3 Results and Discussion231
The present SBFEM scheme is verified against (1) analytical solutions for plane232
waves [11]; and (2) analytical solutions for short-crested waves [17]. Figs. 3-6 are233
the comparisons of wave run-up between the present SBFEM results and the ana-234
lytical solutions shown in [11]. As can be seen in the figures, for small ka (= 0.5),235
only two elements discretized over the cylinder boundary are sufficient to yield236
good agreement between the present SBFEM result and the analytical solution. As237
17
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|η|
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0 0.2 0.4 0.6 0.8 10
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1
1.5
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2 elements
4 elements
6 elements
8 elements
16 elements
ka = 0.5
Fig. 3. The run-up of progressive wave on a circular cylinder extending the entire sea depth
(ka = 0.5).
ka increases from 0.5 to 5.0, the convergence of the SBFEM scheme is clearly seen238
as the number of elements is increased. Even at ka = 5.0, satisfactory numerical239
results were obtained when merely 6 elements were used.240
The run-up on the circular cylinder due to short-crested waves is shown in Figs. 7-241
11. In these examples the total incident wave number is the same. Again, excellent242
agreement with the solutions of Zhu [17] is found where the SBFEM results with243
only 4 elements gave almost identical solutions to the analytical. Fig. 7 shows that244
the largest run-up occurs near the front face of the cylinder (θ/pi ≈ 1) when the245
incident waves have infinite wavelength (ky = 0) in the direction perpendicular246
to the wave propagation, i.e., plane waves. The other extreme case, shown in Fig.247
11, represents standing waves when the incident waves have infinite wavelength248
(kx = 0) in the direction of propagation. In order to show the difference of the249
run-up on the cylinder between the plane waves and short-crested waves, Fig. 12 is250
18
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ka = 1.0
Fig. 4. The run-up of progressive wave on a circular cylinder extending the entire sea depth
(ka = 1.0).
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6 elements
8 elements
16 elements
ka = 3.0
Fig. 5. The run-up of progressive wave on a circular cylinder extending the entire sea depth
(ka = 3.0).
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ka = 5.0
Fig. 6. The run-up of progressive wave on a circular cylinder extending the entire sea depth
(ka = 5.0).
an overlay of the plots of the present SBFEM results with 4 finite elements shown251
in Figs. 7-11. It is observed in Fig. 12 that the elevation on the cylinder surface252
is quite different when the incident waves become short-crested. As the incident253
wave becomes more short-crested, the elevation near the front face of the cylinder254
(θ/pi ≈ 1) decreases monotonically, however, no similar attribute is observed on255
the lee side of the cylinder (θ/pi ≈ 0).256
Table 1 shows the comparisons of the effective inertia, and the effective linear drag257
coefficients and total forces. Excellent computational efficiency and accuracy of258
the present numerical scheme are further demonstrated by examining the hydro-259
dynamic forces. It is apparent that only four elements can lead to quite accurate260
results while six elements produce almost identical results as the analytical solu-261
tion [17]. As pointed out by Zhu [17], both the effective inertia coefficient, CM , and262
the effective drag coefficient, CD, are generally functions of kx and ky. However,263
20
  
 
ACCEPTED MANUSCRIPT 
 
θ/pi
|η|
/A
0 0.2 0.4 0.6 0.8 10
0.5
1
1.5
2
Zhu, 1993
2 elements
4 elements
6 elements
8 elements
16 elements
k
x
= 21/2 m-1, ky = 0 m
-1
Fig. 7. Comparison of short-crested wave run-up on a cylinder with radius a = 1.0 m and
total incident wave number k =
√
2 m−1 (kx =
√
2 m−1, ky = 0 m
−1).
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Fig. 8. Comparison of short-crested wave run-up on a cylinder with radius a = 1.0 m and
total incident wave number k =
√
2 m−1 (kx = 1.2 m−1, ky =
√
0.56 m−1).
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Fig. 9. Comparison of short-crested wave run-up on a cylinder with radius a = 1.0 m and
total incident wave number k =
√
2 m−1 (kx = 1.0 m−1, ky = 1.0 m−1).
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Fig. 10. Comparison of short-crested wave run-up on a cylinder with radius a = 1.0 m and
total incident wave number k =
√
2 m−1 (kx =
√
0.56 m−1, ky = 1.2 m
−1).
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Fig. 11. Comparison of short-crested wave run-up on a cylinder with radius a = 1.0 m and
total incident wave number k =
√
2 m−1. (kx = 0 m−1, ky =
√
2 m−1)
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Fig. 12. Wave run-up on a cylinder with radius a = 1.0 m and total incident wave number
k =
√
2 m−1: Plane waves vs. Short-crested waves.
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as can be seen in Table 1, for a fixed ka, CM and CD are clearly unchanged for all264
the cases with the variation of kx and ky. It should be noted that the digits with the265
superscript ∗ are reversed in [17] and the digits with the superscript # are erroneous266
in [17].267
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Further calculations revealed that CM and CD per unit length are invariants for a268
fixed ka. To demonstrate this, the variation of CM and CD are plotted against the269
variation of the ratio ky/kx in Figs. 13 and 14, for four different values of kx, while270
kxa held as a constant, corresponding to the following cases: 1) kx = 0.8 m−1,271
a = 2.5 m; 2) kx = 1.0 m−1, a = 2.0 m; 3) kx = 1.6 m−1, a = 1.25 m; 4)272
kx = 2.0 m
−1
, a = 1.0 m. As can be clearly seen in the figures, four curves coincide273
with each other. This indicates that coefficients CM and CD are invariants of ka.274
This attribute was also shown in [17], but with the misprint of kx shown as k in275
the text as well as in the legend. This is not a surprising result as a short-crested276
wave can occur from the oblique interaction of two travelling plane-waves, thus277
linear forces from short-crested wave interaction with a cylinder can be effectively278
obtained by the superposition of two plane-waves. Therefore coefficients CM and279
CD are physically invariants of ka. However, the total force |2piaR| for the above280
four cases are different, as shown in Fig. 15, the total force decreases as the incident281
wave becomes more short-crested. It is noted that all the SBFEM results presented282
in Figs. 13-15 are calculated with 6 discretized elements on the cylinder boundary.283
Figs. 16-21 show the co-amplitude and co-phase lines for long- and short-crested284
incident waves diffracted by a circular cylinder with a radius of 1.0 m. The am-285
plitude is nondimensionalized as |η|/A and the phases are between [−pi ∼ +pi].286
kx is fixed as kx = 1.0 m−1, and ky has different values: 0, 0.5, to 1.0 m−1 re-287
spectively. It is apparent that the wave patterns of diffracted short-crested waves288
are more complicated. The thick lines in all the co-phase plots show the sudden289
change of the phase values from −pi to pi. From these results, one can easily draw290
the conclusion that as the incident waves become more short-crested, the ampli-291
tude of the diffracted waves in the rear region become smaller and the region of the292
co-amplitude line upstream reduces. The amphidromic points come forth for short-293
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Fig. 13. Variation of the effective inertial coefficient CM vs the ratio ky/kx at kxa = 2.
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Fig. 14. Variation of the effective drag coefficient CD vs the ratio ky/kx at kxa = 2.
crested incident waves and the region like plane wave area shrinks as the incident294
waves become more short-crested.295
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Fig. 15. Variation of the total force vs the ratio ky/kx at kxa = 2.
It is worth noting that, the computation times (recorded on a 2GHz Pentium IV PC296
and MATLAB 7.1) of the scaled boundary finite-element method solutions are very297
small. For all the cases presented in this paper, accurate results are obtained in less298
than 3 s, a clear demonstration that it significantly outperforms any current finite-299
element or boundary-element method for similar problems. Such computational300
efficiency and accuracy ensure great potential of direct application of the present301
method to many engineering problems especially in ocean engineering.302
4 Conclusions303
The semi-analytical scaled boundary finite-element method has been successfully304
applied to solve the diffraction of short-crested waves incident on a circular cylin-305
der. In contrast to the conventional boundary-element method, which has been306
widely applied to wave-structure interaction problem in unbounded domain, the307
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Fig. 16. The curve of equal amplitude (co-amplitude) for the incident waves with longitu-
dinal and lateral wave numbers kx = 1.0 m−1 and ky = 0.0 m−1, respectively.
new technique requires no help from any fundamental solutions. A reduction of308
one in the spatial dimension is achieved with this procedure, since only the body309
boundary is discretized with surface finite-elements. Excellent computational effi-310
ciency and accuracy of the present scaled boundary finite-element method has been311
demonstrated, as the governing equations are solved analytically in the radial di-312
rection. In solving the short-crested wave problem, the present numerical method313
is shown to reproduce the analytical solution for all the physical properties includ-314
ing wave run-up, effective inertia and drag force coefficients, and total force very315
accurately and at very low computational cost. The method holds promise in solv-316
ing more practical ocean engineering problems.317
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Fig. 17. The curve of equal phase (co-phase) for the incident waves with longitudinal and
lateral wave numbers kx = 1.0 m−1 and ky = 0.0 m−1, respectively.
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